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Abstract
The point–particle–like Hamiltonian of a biaxial spin particle with external
magnetic field along the hard axis is obtained in terms of the potential field
description of spin systems with exact spin–coordinate correspondence. The
Zeeman energy term turns out to be an effective gauge potential which leads
to a nonintegrable phase of the Euclidean Feynman propagator. The phase
interference between clockwise and anticlockwise under barrier propagations
is recognized explicitly as the Aharonov-Bohm effect. An additional phase
which is significant for quantum phase interference is discovered with the
quantum theory of spin systems besides the known phase obtained with the
semiclassical treatment of spin. We also show the energy dependence of the
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effect and obtain the tunneling splitting at excited states with the help of
periodic instantons.
PACS numbers 75.10.Jm, 75.30.Gw, 03.65.Sq, 75.45.+j, 11.10.Ef
I. INTRODUCTION
Quantum tunneling in spin systems has attracted considerable attention both theoret-
ically and experimentally in view of a possible experimental test of the tunneling effect
for mesoscopic single domain particles in which case it is known as macroscopic quantum
tunneling [1,2]. In particular the coherent tunneling between two degenerate metastable
orientations of magnetization results in the superposition of macroscopically distinguishable
(classically degenerate) states, the understanding of which is a longstanding problem in
quantum mechanics and is called macroscopic quantum coherence (MQC) [3]. Till now only
magnetic molecular clusters have been the most promising candidates to observe MQC [4].
Quenching of MQC for half-integer spin is a beautiful observation of quantum tunneling in
spin particles and has been investigated in the literature by means of the phase interference
of spin coherent state-Feynman-paths which possess a phase with obvious geometric mean-
ing [2,5–8]. The quenching of MQC has been interpreted physically as Kramers’ degeneracy.
The geometric phase has also been shown to be equivalent to a Wess–Zumino type inter-
action in quantum mechanics [9]. However the effect of geometric phase interference is far
richer than Kramers’ degeneracy. For example, the Zeeman energy of an external magnetic
field applied along the hard axis for a biaxial spin particle can be introduced to produce an
additional geometric phase [10]. The resulting quenching of the tunneling splitting or MQC
is in this case not related to Kramers’ degeneracy since the external magnetic field breaks
the time reversal symmetry. A more detailed investigation of quantum phase interference
has been given recently [11]. An experimental observation of the magnetic field dependent
oscillation of tunneling splitting has also been reported [4] for the octanuclear iron oxo-
hydroxo cluster Fe8. The giant spin model we consider here is suitable to describe the Fe8
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molecular cluster and therefore has practical interest.
In the traditional theory, the quantum phase induced by the Zeeman term has been investi-
gated with the semiclassical method in which the spin is treated as a classical vector. With
the help of the spin coherent state-path-integral technique an effective Hamiltonian and La-
grangian are obtained. The Zeeman term is proportional to the linear velocity and therefore
emerges as a phase of the Feynman kernel in the imaginary time for quantum tunneling. It
is, no doubt, interesting to explore the underlying physics of the phase related to the Zeeman
energy of the magnetic field and to present an analysis of the quantum phase based on a
full quantum mechanical theory of the spin system. To this end we use a recently developed
method, namely, the potential field description of quantum spin systems of Ulyanov and
Zaslavskii (UZ) [12] and begin with the Schro¨dinger equation of the spin particle. In the
UZ method the spin-coordinate correspondence is exact unlike the semiclassical approach
of spin where the correspondence is approximate in the large spin limit (see Appendix 1 for
details). A point-particle-like Hamiltonian is obtained and the Zeeman term of the magnetic
field along the hard axis of the biaxial spin system becomes a gauge potential which does not
affect the equation of motion. However, the nonintegrable phase of the gauge potential leads
to the quantum phase interference known as the Aharonov-Bohm(AB) effect. A substantial
result derived from the quantum theory of spin is the additional phase induced by the Zee-
man term which is significant to the quantum phase interference and is overlooked in the
semiclassical approach. The tunneling splittings for both ground state and excited states are
also obtained up to the one loop approximation. The paper is organized as follows. In Sec. 2
we first give a brief review of the semiclassical treatment of spin in quantum tunneling. The
effective Hamiltonian like that of a point particle for a biaxial spin particle is obtained by
starting from the Schro¨dinger equation following the potential field description of quantum
spin systems. We show how the Zeeman energy term of the magnetic filed along hard axis
becomes a gauge potential. The tunneling splitting and its oscillation with respect to the
magnetic field are discussed in Sec. 3. We obtain in Sec. 4 the periodic instantons and
oscillation of tunneling splitting at excited states and demonstrate the energy dependence
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of the oscillation. Our conclusions and discussions are given in Sec. 5.
II. EFFECTIVE POTENTIALS OF THE BIAXIAL SPIN PARTICLE IN A
MAGNETIC FIELD
We consider a giant spin model which is assumed to have biaxial anisotropy with XOY
easy plane and the easy y-axis in the XOY-plane. An external magnetic field is applied
along the hard z-axis. The Hamilton operator of the model can be written as
Hˆ = K1Sˆ
2
z +K2Sˆ
2
x − gµBhSˆz (1)
where Sˆx, Sˆy and Sˆz are the three components of the spin operator. K1 and K2 with
K1 > K2 > 0 are the anisotropy constants and µB is the Bohr magneton. g is the spin
g-factor which is taken to be 2 here. The last term of the Hamiltonian is the Zeeman energy
associated with the magnetic field h. The Hamiltonian eq.(1) is believed to describe the Fe8
molecular cluster and is the same as that in ref.[4]. Before we begin with the investigation
with the UZ method we give a brief review of the semiclassical approach for the model of
eq.(1). In the semiclassical method the spin is treated as a classical vector
S = s(sin θ cosφ, sin θ sinφ, cos θ) (2)
The spin-coordinate correspondence is given by the definition of canonical variables [13] φ
and p = s cos θ. As shown in Appendix 1 the usual spin commutation relation [Sˆi, Sˆj] =
iǫijkSˆk is only approximately recovered in the large spin s limit. With the spin coherent
state path integral technique one obtains an effective Hamiltonian [8,11,14]
Hs =
p2
2m(φ)
− αp+ V (φ) (3)
with
m(φ) =
1
2K1(1− λ sin2 φ) , V (φ) = K2s
2 sin2 φ, λ =
K2
K1
, α = gµBh (4)
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and Lagrangian
Ls =
m(φ)
2
(φ˙+ α)2 − V (φ) (5)
The position dependent mass may create an ordering ambiguity upon quantization. This is
the reason why we use the elliptic integral transformation in the following to obtain a point–
particle–like Hamiltonian with a constant mass. In the above derivation we have shifted the
angle φ by pi
2
for our convenience. The periodic potential V (φ) has degenerate vacua. The
quantum tunneling from one vacuum (φ = 0) to the neighboring one (φ = π) is dominated
by instantons and evaluated to exponential accuracy by
e−Ssc = e−
∫
Lesdτ (6)
where
Les =
m(φ)
2
(
dφ
dτ
)2 − iαm(φ)dφ
dτ
+ V (φ)− m(φ)
2
α2 (7)
is the Euclidean Lagrangian with the imaginary time τ = it. The imaginary part (the second
term) in Les induced by the Zeeman term becomes a phase in eq.(6)
e−Ssc = e−S˜sceiθs (8)
where S˜sc is the remaining action, and the phase derived with the semiclassical method is
seen to be
θs =
∫ pi
0
αm(φ)dφ =
απ
2K1
√
1− λ (9)
which leads to the quantum phase interference between clockwise and anticlockwise tunnel-
ings. Since we here emphasize the phase induced by the Zeeman energy term, the known
phase term sdφ
dτ
(responsible for the spin parity effect) which we omitted in the Euclidean
action should be understood. We now turn to the quantum theory of spin.
Following ref.[12] we start from the Schro¨dinger equation
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HˆΦ(φ) = EΦ(φ) (10)
The explicit form of the action of the spin operator on the function Φ(φ) is seen to be
Sˆx = s cosφ− sinφ d
dφ
, Sˆy = s sinφ+ cos φ
d
dφ
, Sˆz = −i d
dφ
(11)
where the generating function Φ(φ) is constructed in terms of the conventional spin functions
of the Sˆz representation such as
Φ(φ) =
s∑
m=−s
cm√
(s−m)!(s +m)!
eimφ (12)
which obviously obeys the following boundary condition
Φ(φ + 2π) = e2piisΦ(φ) (13)
Thus we have periodic wave functions for integer spin s and antiperiodic functions for half-
integer s. The antiperiodic wave functions naturally give rise to the spin parity effect as we
shall see. Substitution of the differential spin operators eq.(11) into eq.(10) yields
[−K1(1− λ sin2 φ) d
2
dφ2
−K2(s− 1
2
) sin 2φ
d
dφ
+ iα
d
dφ
+ V (φ)]Φ(φ) = EΦ(φ) (14)
with
V (φ) = K2s
2 cos2 φ+K2s sin
2 φ (15)
In the new variable x defined by
x =
∫ φ
0
dφ′√
1− λ sin2 φ
= F (φ, k) (16)
which is the incomplete elliptic integral of the first kind with modulus k2 = λ, the trigono-
metric functions sinφ and cosφ become the Jacobian elliptic functions sn(x), cn(x) with the
same modulus respectively. We then make use of the following transformation,
Φ(φ(x)) = dns(x)eif(x)ψ(x) (17)
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where dn(x) =
√
1− λsn2(x) is also a Jacobian elliptic function. Substituting eq.(17)
into eq.(14) we obtain, after some tedious but not too complicated algebra, an equivalent
Schro¨dinger equation with the desired Hamiltonian, i.e.
{K1[−i d
dx
+ A(x)]2 + U(x)}ψ(x) = Eψ(x) (18)
The function f(x) in the unitary transformation is determined by the requirement of gauge
covariance and the scalar potential is required to be real. f(x) is therefore defined by
df(x)
dx
=
−αs
K1dn(x)
(19)
A gauge potential induced by the Zeeman energy term is found to be
A(x) = −α(2s+ 1)
2K1dn(x)
(20)
The scalar potential
U(x) = ξcd2(x), cd(x) =
cn(x)
dn(x)
(21)
is periodic with period 2K(k) and symmetric with respect to the coordinate origin x =
o(U(x) = U(−x)). The quantity K(k) is the complete elliptic integral of the first kind. The
minima of the potential, namely, the vacua which have been shifted to zero by adding a
constant, are located at ±(2n + 1)K(k) with n being an integer. The positions of potential
peaks are at ±2nK(k), and barrier height is
ξ = K2s(s+ 1) +
λα2
4(1− λ)K1 (22)
When α = 0, i.e. the Zeeman term in eq.(1) vanishes, the potential becomes exactly the
same as that in ref.[15]. The shape of the scalar potential is not changed by the external
magnetic field along the hard axis. In the new variable x the wave function Φ(φ(x)) is
also periodic for integer s and antiperiodic for half-integer s with a period 4K(k) and the
boundary condition of the wave function ψ(x) is, however, determined by eqs.(17) and (19),
i.e.
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ψ(x+ 4K(k)) = (−1)2sei
2αspi
K1
√
1−λψ(x) (23)
One should bear in mind from eq.(16) that x = K(k) corresponds to the original angle
variable φ = pi
2
. The boundary condition eq.(23) plays an important role in the following
calculation of the tunneling splitting.
III. TUNNELING SPLITTING AT THE GROUND STATE
The tunneling between degenerate vacua (the case we consider here) results in the level
splitting and is dominated by (vacuum) instantons which are nontrivial solutions of the
Euclidean equation of motion with finite action. In the context of quantum mechanics the
instanton may be visualized as a pseudoparticle moving between degenerate vacua under
the barrier and has nonzero topological charge but zero energy. The tunneling splitting can
be obtained from the transition amplitude between degenerate vacua which has a Euclidean
path–integral representation. The first explicit calculation of the tunneling splitting in terms
of the instanton method was carried out long ago for the double-well potential [16].
The Hamilton function corresponding to eq.(18) is
H =
1
2m
[P + A(x)]2 + U(x) (24)
where m = 1
2K1
is the mass of the point-like particle. The Lagrangian is
L =
m
2
x˙2 − A(x)x˙− U(x) (25)
With the Wick rotation τ = it the Euclidean Lagrangian is seen to be
Le =
m
2
x˙2 + iA(x)x˙+ U(x) (26)
In the above Euclidean Lagrangian and from now on x˙ = dx
dτ
denotes the imaginary time
derivative. The gauge potential A(x) indeed does not affect the equation of motion which is
mx¨ =
dU(x)
dx
(27)
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However, it leads to the phase interference which can be observed as the oscillation of
tunneling splitting. This is exactly an AB effect in a generalized meaning.
The instanton solution of eq.(27) can be found by direct integration and the result is
xc(τ) = sn
−1(tanhωτ), ω2 = 4K1ξ (28)
which is nothing but a kink configuration. The instanton starts from the vacuum xi = −K(k)
at τ = −∞ and reaches the centre of the potential barrier (x = 0) at τ = 0 and then arrives
at the neighboring vacuum xf = K(k) at τ =∞. The Euclidean action evaluated along the
instanton trajectory is
Sc =
∫ ∞
−∞
Le(xc(τ), x˙c(τ))dτ = B − i(2s+ 1)θs (29)
where the first term
B =
√
ξ
K2
ln
1 +
√
λ
1−√λ (30)
reduces to the well known action [8,11,14,17–19] when α = 0. The imaginary part leads to
a phase in the Euclidean Feynman propagator which is 2s+1 times the semiclassical phase
θs.
To calculate the tunneling splitting, we start from the instanton induced transition am-
plitude,
〈xf(β)|xi(−β)〉 =
∑
mf ,ni
〈xf |mf 〉〈mf |PˆEe−βHˆ |ni〉〈ni|xi〉 (31)
PˆE is the projector onto the subspace of fixed energy [20] and |ni〉, |mf〉 are the excitations
above two vacua lying on different sides of the barrier. The left hand side of eq.(31) has the
path integral representation and is evaluated in the following. We consider the tunneling
from initial vacuum xi = −K(k) (corresponing to the original angle variable φi = −pi2 ) to the
neighboring one xf = K(k) (φf = pi2 ) for the fixed energy E0 which is the degenerate ground
state energy. The small tunneling splitting of the ground state is obtained from eq.(31) such
that
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∆E0 ∼ |e
2βE0
β
F
∫ K(k)
−K(k)
Dxe−
∫ β
−β Ledτ | (32)
where
F =
1
ψ0(K(k))ψ∗0(−K(k))
=
e−i(pis+2sθs)
N
, N = ψ0(0f)ψ0(0i) (33)
The second equality in F comes from the boundary condition of our wave function eq.(23) and
0i, 0f denote the coordinate origins of the local frames associated with each potential well.
N is then a normalization constant calculated with the harmonic oscillator approximated
wave function of the ground state. Substitution of the Lagrangian eq.(26) into the Feynman
kernel in eq.(32) yields our interesting phase,
∫
Dxe−
∫ β
−β Ledτ = ei(2s+1)θsG(xf , β; xi,−β) (34)
It is somewhat surprising that the quantum theory gives rise to 2s+1 times the semiclassical
phase angle θs instead of just one. In Appendix 2 we explain the reason why the significant
phase angle 2sθs can be missed in the semiclassical treatment of spin based on the large
spin s limit. However, the additional phase, i. e. 2sθs, in the Euclidean Feynman kernel is
cancelled by the the phase of F in eq.(33) and does not affect the tunneling splitting of the
ground state. We will see in the following section that the cancellation would not be exact
for excited states and the additional phase has effect on the tunneling splitting
We should bear in mind that the above phase is obtained by an anticlockwise tunneling.
The remaining Feynman kernel
G =
∫
Dxe−
∫ β
−β L
′
edτ , L′e =
m
2
x˙2 + U(x) (35)
is independent of the direction of tunneling. For the clockwise tunneling from the same initial
position −K(k) to the final position −3K(k) the result is the same except with an opposite
sign of the phase. Adding the contributions of clockwise and anticlockwise tunnelings we
finally have the tunneling splitting expressed as
∆E0 ∼ e
2βE0
βN
| cos[πs+ θs]|G(xf , β; xi,−β) (36)
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The tunneling kernel G in the one loop approximation, namely including the preexponential
factor, can be calculated with the standard procedure. Before we give the final result, it is
worthwhile to point out that in the evaluation of G the contributions from one instanton and
one instanton plus the infinite number of instanton-anti-instanton pairs will be taken into
account. However, the phase induced by the gauge potential for an instanton-anti-instanton
pair vanishes. Thus the single instanton phase is factored out off the tunneling kernel. We
have
G ∼ 2Nβe−2βE0Qe−B, Q = 2 52 [ ξ
3
2K
1
2
1
(1− λ)π ]
1
2 (37)
where N = 1√
2pi
( ξ
K1
)
1
4 , and E0 =
ω
2
is the usual ground state energy of the harmonic oscillator.
The tunneling splitting is thus [14]
∆E0 = | cos[πs+ θs]|4∆ε0, ∆ε0 = Qe−B (38)
When the external magnetic field vanishes (α = 0) the tunneling splitting reduces exactly
to the previous result [8,14] except that s2 in the splitting amplitude of the semiclassical
treatment is corrected as s(s + 1) by the quantum theory of spin. The well known spin
parity effect (namely, the tuuneling splitting would be quenched for half–integer spin s) is
recovered by the factor | cosπs| and is surely due to the antiperiodicity of the wave function
in the quantum theory of spin. The tunneling splitting oscillates with the external field h
and vanishes when
sπ + θs = π[s+
µBgh
2K1
√
1− λ ] = (n +
1
2
)π (39)
where n is an integer. The oscillation period of the tunneling splitting with respect to the
external field h is given by
∆h =
2K1
√
1− λ
gµB
(40)
To verify the validity of the tunneling splitting eq.(38) we compare the splitting value of
eq.(38) as a function of the external magnetic field h with the numerical result obtained
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by performing a diagonalization of the Hamilton operator eq.(1). Adopting the data of the
anisotropy contants given in ref.[4] such that D = 0.292K, E = 0.046K and taking into
account the relations between anisotropy constants K1, K2 and D, E, i.e. K1 = D + E,
K2 = D − E, the oscillating amplitude of the tunneling splitting calculated from eq.(38)
which begins from 6.286 × 10−10K for s = 10 and increases with the magnetic field agrees
with the numerical value of diagonalization perfectly. The period is ∆h = 0.26T which is
substantially smaller than the experimental value 0.4T [4]. It has been pointed out that
the discrepancies between experimental and theoretical results can be resolved by including
higher order terms of Sˆz and Sˆx in the Hamilton operator eq.(1) besides the quadratic terms
[4].
IV. TUNNELING SPLITTING AND QUANTUM PHASE INTERFERENCE AT
EXCITED STATES
The quantum phase induced by the Zeeman term is manifestly computed from the Eu-
clidean Feynman paths between two turning points which depend on energy. We now inves-
tigate the tunneling and related quantum phase interference at excited states. The starting
point is again the transition amplitute of the barrier penetration projected onto the subspace
of fixed energy, i.e.
∑
m,n
< Efn|PˆEe−2βHˆ |Eim >=
∫
dxfdxiψ
∗
E(xf )ψE(xi)G(xf , β; xi,−β) (41)
from which the tunneling splitting is written as,
∆E ∼ e
2Eβ
β
|e−is(pi−2θs)
∫
dx˜fdx˜iψE(x˜f)ψE(x˜i)G| (42)
where x˜i = K(k) + xi, x˜f = −K(k) + xf denote the coordinates in the local frames with
origins at −K(k) and K(k) respectively. Thus the phase factor of our wave function ψE can
be factorized out. The tunneling at finite energy E is dominated by the periodic instanton
[21,22] which satisfies the following integrated equation of motion,
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m2
x˙2 − U(x) = −E (43)
with periodic boundary condition. The periodic instanton is found to be
xc(τ) = cd
−1


√√√√ [sin−1 sn(ω˜τ, k˜)]2(1− η2)− (1− λη2)
λ[sin−1 sn(ω˜τ, k˜)]2(1− η2)− (1− λη2) , k˜

 (44)
where
ω˜ = 2
√
K1ξ(1− λη2), η =
√
E
ξ
, k˜2 =
1− η2
1− λη2 (45)
The periodic instanton moves between two turning points x± depending on energy
x± = ±cd−1(η, k˜) (46)
When the energy tends to zero the periodic instanton reduces to the vacuum instanton of
eq.(28). The Euclidean action evaluated along the periodic instanton is
Sc =W + 2Eβ − iθE (47)
where
W =
∫ β
−β
mx˙2cdτ = 2η
2
√
ξ
K1(1− λη2) [Π(η
′2, k˜)−K(k˜)] (48)
with η′2 = 1 − η2, where Π denotes the complete elliptic integral of the third kind. The
tunneling phase for the anticlockwise tunneling (from x− to x+) is seen to be
θE =
∫ x+
x−
A(xc)dxc =
(2s+ 1)α
K1
√
1− λ [tan
−1 η
′ − η
η′ + η
+
π
4
] (49)
which tends to the vacuum instanton phase when E = 0 (η = 0, η′ = 1). The clockwise
tunneling gives rise to the same result except for the phase with an opposite sign. Adding
the two classes of the tunneling kernels the level splitting is seen to be
∆E ∼ e
2Eβ
β
| cos(sπ + θE − 2sθs)|I (50)
where
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I =
∫
dx˜fdx˜iψE(x˜f )ψE(x˜i)G˜ (51)
The term 2sθs in eq.(50) comes from the boundary condition of ψ eq.(23). The difference,
i.e. θE−2sθs, is not just a simple semiclassical phase θs in this case. The phase independent
tunneling kernel G˜ is now evaluated with the help of the periodic instanton. Following the
procedure in refs.[23] and [24] we take into account the contributions of the instanton and
instanton plus the infinite number of pairs and compute the end point integrations with the
help of WKB wave functions for ψE . A quite general formula for eq.(51) is
I ∼ 2βe−2Eβ[ 1
4K(kˆ) ]e
−W , kˆ2 =
(1− λ)η2
1− λη2 (52)
The level splitting is then given by
∆E = | cos(sπ + θE − 2sθs)| 1K(kˆ)e
−W (53)
For low lying excited states (η << 1, kˆ << 1, k˜′ =
√
1− k˜2 << 1) the energy E may be
replaced by harmonic oscillator approximated eigenvalues E → En = (n + 12)ω. Expanding
the complete elliptic integrals Π(η′2, k˜), K(k˜) in W (eq.(48)) as power series of k˜′ and K(kˆ)
in eq.(52) as power series of kˆ we obtain after some tedious algebra the tunneling splitting
of the nth excited state, i.e.
∆En = | cos(sπ + θEn − 2sθs)|4∆εn (54)
where
∆εn =
23n
n!(1− λ)n (
ξ
K1
)
n
2∆ε0 (55)
In eq.(54) θEn denotes the phase angle at nth excited state which is obtained from eq.(49)
with replacing the energy E by (n + 1
2
)ω. When α = 0 the tunelling splittings at excited
states again coincide with the previous results [8,15] in terms of the semiclassical treatment
of spin in large spin limit which means that the difference between s2 and s(s + 1) can be
neglected.
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V. CONCLUSION
On the basis of the UZ method for quantum spin systems we found that the Zeeman
term of the external magnetic field along the hard axis for a biaxial spin particle indeed
turns out to be a gauge potential in the point-particle-like Hamilton operator. The gauge
potential does not affect the equation of motion but leads to quantum phase interference as
an AB type effect in the spin tunneling. An additional phase angle 2sθs of the Euclidean
action obtained by means of the quantum mechanical treatment of spin does not affect the
tunneling splitting of the ground state but has effect on the tunneling splitting of excited
states. In addition the splitting amplitude is modified by the quantum theory of spin. We
present a formula of the tunneling splitting, eq.(54), as a function of the magnetic field,
valid for low lying excited states, which for molecular clusters in which the total spin is
only about ten is more accurate than the semiclassical treatment of spin for describing the
quantum tunneling.
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Appendix 1:Approximate spin-coordinate correspondance in the semiclassical
treatment of spin
In the conventional application of the spin coherent state technique, two canonical variables,
φ and p = s cos θ are adopted with the usual quantization
[φ, p] = i (A1)
We show in the following that the spin-coordinate correspondence is only approximate up
to order 0(s−3).
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From the relation between the spin operators and the polar coordinate angles
Sx = s sin θ cosφ, Sy = s sin θ sin φ, Sz = s cos θ (A2)
the usual commutation relation of spin operators reads
[Sx, Sy] = s
2[sin θ cosφ, sin θ sinφ] = s2 sin θ[cos φ, sin θ] sinφ+ s2 sin θ[sin θ, sinφ] cosφ
(A3)
Using eq.(A1), one can prove the following relations
[sin θ, cosφ] = A+ cosφ+ iA− sin φ, [sin θ, sinφ] = A+ sinφ− iA− cosφ (A4)
with
A+ =
1
2
(√
1− (cos θ + γ)2 +
√
1− (cos θ − γ)2
)
,
A− =
1
2
(√
1− (cos θ + γ)2 −
√
1− (cos θ − γ)2
)
where γ = 1
s
. Substituting eq.(A4) into eq.(A3), one has
[Sx, Sy] = −is2 sin θA− = iγs2 cos θ + 0(γ3) (A5)
i.e.
[Sx, Sy] = iSz + 0(s
−3) (A6)
which implies that the usual commutation relation holds only in the large spin limit.
Appendix 2: Recovering the semiclassical phase in the large s limit
To understand the reason why the phase angle 2sθs is missed in the semiclassical treat-
ment of spin we consider the following Schro¨dinger equation obtained without the unitary
transformation eif(x) in the transformation eq.(17) for our spin sytem:
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[−K1 d
2
dx2
+ i
α
dn(x)
d
dx
− isαλsn(x)cn(x)
dn2(x)
+ Us(x)]ψ(x) = Eψ(x), Us(x) = K2s(s+ 1)cd
2(x)
(A7)
The Hamilton operator can be written as
Hˆs = K1[−i d
dx
− A˜(x)]2 − i(s+ 1
2
)λα
sn(x)cn(x)
dn2(x)
+ U˜s(x) (A8)
The gauge potential
A˜(x) =
α
2K1dn(x)
(A9)
leads exactly to the semiclassical phase angle θs, while the scalar potential which contains
an imaginary part is ill-defined. In the large s limit one might neglect the imaginary part in
comparison with the term Us(x) and then has the Hamilton operator given by
Hˆs = K1[−i d
dx
− A˜(x)]2 + U˜s(x), U˜s(x) = K2s(s+ 1)cd2(x)− α
2
4K1dn2(x)
(A10)
The final Hamiltonian
H˜s =
1
2m
[p− A˜(x)]2 + U˜s(x), m = 1
2K1
(A11)
is the counterpart of the effective Hamiltonian Hs of eq.(3). The corresponding Euclidean
Lagrangian is
L˜es =
m
2
x˙2 + iA˜(x)x˙+ U˜s(x) (A12)
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